A not necessarily zero-symmetric nearring R with a unit element is called local if the set of all non-invertible elements of R forms a subgroup of the additive group of R. It is proved that every local nearring whose multiplicative group is dihedral is finite and its additive group is either a 3-group of order at most 9 or a 2-group of order at most 32.
Introduction
A nearring R is an algebraic structure with two binary operations, + and ·, such that (R, +) is a not necessarily abelian group, (R, ·) is a semigroup and the operation · satisfies a one-sided distributive law with respect to +. The nearring R is called local if (R, ·) has a unit element and the set of all non-invertible elements of (R, ·) forms a subgroup of (R, +). In particular, every local ring can be considered as a special case of a local nearring. More precise definitions will be given below.
The study of local nearrings was begun by Maxson in [7] where a number of equivalent definitions and basic properties were proved. In particular, he showed that the additive group (R, +) of a finite local nearring R is a p-group for some prime p. Later Maxson described in [6] all finite local nearrings of cardinality p 2 , and in [8, 9] certain finite local nearrings with non-cyclic additive p-groups.
It was shown in [4] that every local nearring R can be used for the construction of so-called triply factorized groups, i.e., groups of the form G = AB = AM = BM with subgroups A and B and a normal subgroup M of G. Indeed, if L is the subgroup of all non-invertible elements of R and 1 is the unit element of R, then the set 1 + L is a subgroup of the multiplicative group R * of R acting on L by a suitable operation such that the semidirect product L (1 + L) is a triply factorized group G where the normal subgroup M is isomorphic to L and the subgroups A and B are isomorphic to 1 + L.
It is well-known that triply factorized groups play an important role in the study of groups decomposed in the product of two their subgroups (see [1] for details). In general the structure of the group G = AB = AM = BM can be very complicated, especially if the normal subgroup M of G is non-abelian. This is even the case when the subgroups A and B are dihedral and A ∩ M = B ∩ M = 1. For instance, it is unknown at present whether in this case G may be non-soluble. For this reason we consider in the following local nearrings whose multiplicative group is dihedral. It turns out that the structure of such nearrings can be described in detail.
Main Theorem. Let R be a local nearring whose multiplicative group R * is dihedral and let L R be the subgroup of all non-invertible elements of R. Then the following statements hold.
(1) The nearring R is finite. ( 2) The additive group of R is either a 3-group of order at most 9 or a 2-group of order at most 32. ( 3) The subgroup L R is either an abelian group or a group of order 16 with derived subgroup of order 2. In particular, L R has an abelian subgroup of index 2.
In first two sections we develop a general theory concerning not necessarily zerosymmetric nearrings and describe some relations between the structures of the multiplicative and the additive groups of such local nearrings. In last two sections local nearrings with dihedral multiplicative group are described. The structure of finite triply factorized 2-groups G = AB = AM = BM with dihedral subgroups A and B is determined.
The notation is standard and the main definitions are introduced when they are needed.
Nearrings
First recall some basic concepts of the theory of nearrings.
Definition 2.1.
A set (R, +, ·) with two binary operations, addition and multiplication, is called a (left) nearring if
(1) (R, +) is a (not necessarily abelian) group, (2) (R, ·) is a semigroup, and (3) multiplication satisfies the left distributive law with respect to addition, i.e., r ·(s +t) = r · s + r · t for all elements r, s, t of R.
As usual, the neutral element of (R, +) will be denoted by 0 and one writes rs instead of r · s. Furthermore, if r ∈ R and n is a positive integer, then nr means
It is easy to see that r · 0 = 0 and r · (−s) = −(r · s), so that r(ns) = n(rs) for all r, s of R and all n ∈ Z.
Note that from the definition of (R, +, ·) it does not follow that 0 · r = 0 for each r ∈ R. For instance, if (R, +, ·) is a constant nearring for which r · s = s for all r, s ∈ R, then 0 · r = 0 only if r = 0. A nearring (R, +, ·) in which 0 · r = 0 = r · 0 for every r ∈ R is called zero-symmetric.
The notions of a subnearring and a nearring homomorphism are defined in the same way as for rings. In particular, if λ is a nearring homomorphism of R, then its kernel Ker λ is a subnearring of R whose additive subgroup is normal in R + . A subnearring I of R is an ideal of R if I = Ker λ for some λ. It can simply be verified that I is an ideal of R if and only if I + is a normal subgroup of R + , and for any elements r, s ∈ R and a ∈ I the inclusions ra ∈ I and (r + a)s − rs ∈ I hold.
For each ideal I of R, the factor nearring (R/I, +, ·) is the factor group R + /I + with multiplication (r + I ) · (s + I ) = rs + I for all r, s ∈ R and the mapping r → r + I determines a natural nearring homomorphism from R onto R/I whose kernel is I . Obviously every right or left R-subgroup of R is even a subnearring of R. Furthermore, for every r ∈ R the set rR is a right R-subgroup of R. It is also easy to see that, for every non-empty subset X of R, the (right) annihilator Ann R (X) = {r ∈ R | xr = 0 for all x ∈ X} of X in R is a normal subgroup of the additive group R + of R. Clearly Ann R (X) is a right R-subgroup of R if R is zero-symmetric. As usual, for r ∈ R, we write Ann R (r) instead of Ann R ({r}).
The following two lemmas are well-known, see for instance [10 For every nearring R, the right annihilator Ann R (0) of zero in R and the subgroup 0 · R form subnearrings of R which are called the zero-symmetric part and the constant part of R and denoted by R o and R c , respectively. By Lemma 2.4,
If (R, ·) is a semigroup with a unit element ι, i.e., r · ι = ι · r = r for every r ∈ R, then we say that (R, +, ·) is a nearring with unit element ι. In this case the set of all invertible elements of (R, ·) is a group which will be called the multiplicative group of R and denoted by R * . Clearly the zero-symmetric part R o of R contains ι and R * o = R o ∩ R * . Note that if R is not a ring, then we will usually use ι for denoting the unit element of R because in general (nι)r = nr for an integer n = 1, so that we cannot identify n with nι. 
Therefore ι + R c is a subgroup of R * and the mapping ι + s → s determines an isomorphism from this subgroup onto R + c . Since every element u ∈ R * can uniquely be written in the form u = r + s = r(ι + s) with r ∈ R o and s ∈ R c , this implies that r = u(ι − s) ∈ R * ∩ R o = R * o and hence R * has the required factorization. ✷ A subgroup M of R + is said to be R * -invariant if R * M ⊆ M. Clearly the left R-subgroups of R are R * -invariant, although the converse need not be true in general. The following lemma indicates a common property of R * -invariant subgroups of R + and the right annihilators of R. Proof. We have to show that for every r, s ∈ M such that ι + r, ι + s ∈ R * the elements
As in the case of a ring, every nearring R can be embedded into a nearring R ι with unit element and this can be done in several non-isomorphic ways (see, e.g., Clay [3] ).
Unfortunately, in contrast to the ring case, there exists no general way to embed R as an ideal of R ι .
Local nearrings
In the following let R be a nearring with unit element ι = 0, and let L R be the set of all elements of R, which are not right invertible in R, i.e.,
Definition 3.1. Following Maxson [7] , the nearring R will be called local, if L R forms a subgroup of the additive group R + of R. Obviously in this case L R is a right R-subgroup of R.
Note that our definition of a local nearring is slightly different from the original definition given by Maxson in [7] , because we do not suppose that R is zero-symmetric. This means in particular that the subgroup L R always contains the constant part R c of R, so that in particular every nearfield is zero-symmetric. 
Proof. The proofs of statements (1) and (2) can essentially be found in Maxson [7, Lemmas 2.3 and 2.4] . We repeat these arguments in the non zero-symmetric case. If t ∈ L R and st = ι for some s ∈ R, then ts ∈ L R and so ι − ts / ∈ L R . Therefore (ι − ts)R = R and hence (ι − ts)r = ι for some r ∈ R. Multiplying this equality from the left on s, we have 0 · r = s and so 0 · rt = st = ι. But then 0 = 0 · ι = ι, which is not the case. Thus no element of L R has a left inverse.
Next let s / ∈ L R , so that sR = R. Then sr = ι for some r ∈ R. By what was proved above, r / ∈ L R and therefore rt = ι for some t ∈ R. Hence t = (sr)t = s(rt) = s and thus sr = rs = ι. This means that s ∈ R * and (1) is proved.
To prove (2) it suffices to show that st ∈ L R for all s ∈ R * and t ∈ L R . If this is not the case, then st ∈ R * by (1), so that t ∈ R * , contrary to the choice of t. This proves (2) .
Assume next that either M is an R * -invariant subgroup of R + or M = Ann R (X) for some ∅ = X ⊆ R. If M is not contained in L R , then M contains an invertible element s ∈ R * by (1), so that in the first case M = R * M = R because R + is generated by its subset R * . In the second case, for every x ∈ X from xs = 0 it follows that x = 0 · s −1 ∈ R c and thus X ⊆ R c . Now let M ⊆ L R . Then ι + M ⊆ R * by (1) and thus ι + M is a subgroup of R * by Lemma 2.6. Similarly M + ι so is.
Finally, if r, s ∈ M, then the elements (ι + r)s and (ι + r)s
However, it seems to be unknown at present whether for every local nearring R the subgroup L R is an ideal of R. The following lemma shows that to solve this problem it suffices to consider to the case of a zero-symmetric local nearring.
Lemma 3.3. Let R be a local nearring. Then L R is an ideal of R if and only if the intersection
To prove the converse we have to show that for every r, s ∈ R and each a ∈ L R the element
Therefore we may suppose that r, s ∈ R * . Moreover, we can even take r = ι because
Thus it is enough to consider the case x = (ι + a)s − s with a ∈ L R and s ∈ R * .
Since
Indeed, otherwise (ι + c)r − r ∈ R * and so ι = t ((ι + c)r − r) for some t ∈ R * . Multiplying this equality from the left by 0, we have 0 = (0·t)((ι+c)r −r) = (0·t +c)r −(0·t)r and so (0 · t)r = (0 · t + c)r. As r ∈ R * , this implies 0 · t + c = 0 · t and thus c = 0, which
Note also that we do not know even whether L R is a normal subgroup of R + . The following statement shows that in the other case L R must coincide with its normalizer
Lemma 3.4. Let R be a local nearring. Then either L R is a normal subgroup of the additive group
Multiplying this equality from the left by the element sr −1 for each s ∈ R, we have
On the other hand, the following lemma shows that L R is an ideal of R provided that ι + L R is a normal subgroup of R * .
Lemma 3.5. Let R be a local nearring. Then L R is an ideal of R if and only if
Proof. If L R is an ideal of R, then the coset ι + L R is a unit element of the factor nearring R/L R and so it must be a normal subgroup of R * by Lemma 3.2(3).
Conversely, let ι + L R be a normal subgroup of R * . By Lemma 3.2(2), L R is an (R, R)-subgroup of R. Thus, to prove that L R is an ideal of R it suffices to show that for each x ∈ L R and every r, s ∈ R the element y = (r + x)s − rs belongs to L R . But this is obvious if r ∈ L R or s ∈ L R . It therefore remains to consider the case when r, s ∈ R * . Since
It is also unclear whether L R is an ideal of R provided that L R is a normal subgroup of R + . Nevertheless, the following lemma shows that in this case there exists a local subnearring N of R containing both L R and the unit element of R such that L R is an ideal of N .
Lemma 3.6. Let R be a local nearring and L R be a normal subgroup of the additive group
Proof. Show first that N is a subnearring of R. Since N forms a subsemigroup of (R, ·) by Lemma 3.2(2), it suffices to prove that N is a subgroup of
, the subnearring N is local and L R is an ideal of N by Lemma 3.5. ✷
Recall that an element r of a nearring R is nilpotent if there exists a positive integer n such that r n = 0. A subset S of R is called nil if every element of S is nilpotent.
Proof. Clearly it suffices to prove that for every r, s ∈ R and each a ∈ L R the element
Suppose the contrary, and let n be the least positive integer such that a n = 0. Then t ∈ R * and n > 1, so that a n−1 = 0. Since a n−1 t = a n−1 (r + a)s − a n−1 rs = (a n−1 r + a n )s − a n−1 rs = a n−1 rs − a n−1 rs = 0, this implies a n−1 = 0 · t −1 = a · (0 · t −1 ) = a n = 0, contradicting the choice of n. ✷
Corollary 3.8. If R is a finite local nearring, then L R is an ideal of R.
Proof. If R is zero-symmetric, then the subgroup L R is nil (see [10, Theorem 5 .38]) and so L R is an ideal of R by Lemma 3.7. The general case follows now from Lemma 3.3. ✷ Recall that an additive not necessarily abelian group A is π -divisible for some set of primes π if for every element a ∈ A and each prime p ∈ π the equation px = a has a solution in A. If π coincides with the set of all primes, then A is called divisible which means that the equation nx = a has a solution for every non-zero integer n. As usual, p denotes the set of all primes distinct from the prime p. Proof. Clearly there exists the unique left R-subgroup M of R which is normal in R + , contained in L R and is maximal with respect to these properties.
If for each positive integer n the element nι does not belong to L R , then nr = r(nι) / ∈ L R for every r ∈ R * . Therefore the elements of R of finite additive order modulo M are all contained in L R . Hence the additive subgroup of L R generated by them is normal in R + , contains M and is a left R-subgroup of R, so that it must coincide with M. Thus the factor group R + /M is torsion-free.
In the other case, there exists a prime p such that pι ∈ L R . In fact, p is the least positive integer n for which nι ∈ L R because from n = lm with l > 1 it follows that lι ∈ (mι) −1 L R = L R . Therefore the additive subgroup of R generated by the set {pr | r ∈ R} is contained in L R , normal in R + and is a left R-subgroup of R. Hence it is contained in M and the factor group R + /M is a p-group of exponent p. Now, if qι / ∈ L R for some prime q, then qι ∈ R * and so there exists some r ∈ R * such that ι = r(qι) = qr. Thus, for every s ∈ R, it follows s = s(qr) = q(sr) so that the equation qx = s has a solution in R + . Moreover, if s ∈ L R , then the solution also belongs to L R . Finally, if qs = 0 for some s ∈ R, then s(qι) = 0 and so s = 0 · (qι) −1 . Since 0 · (qι) = (qι) · 0, this implies 0 · (qι) −1 = (qι) −1 · 0 = 0 so that s = 0. Therefore both R + and L R satisfy the conclusion of the lemma. Since the factor groups of divisible groups are divisible, the lemma is proved. ✷ Proof. By Lemma 3.9, L R contains a normal subgroup M of R + such that the factor group R + /M is a p-group for some prime p. Therefore L R /M is a subnormal subgroup of R + /M and hence L R is subnormal in R + . Thus L R is normal in R + by Lemma 3.4. ✷ It turns out that for every infinite local nearring R which is not a nearfield the subgroup L R must be infinite, so that L R is also normal in R + provided that L R is finite. Proof. Since for each r ∈ R the factor group R + / Ann R (r) is isomorphic to the subgroup rR of R + by Lemma 2.4, the right annihilator Ann R (L R ) = a∈L R Ann R (a) of L R in R has finite index in R + because L R is finite and aR ⊆ L R for every a ∈ L R by Lemma 3.2(2). Hence, if R is infinite, the intersection R * ∩ Ann R (L R ) is non-empty and so L R · r = 0 for some r ∈ R * . But then L R = {0 · r −1 } and thus L R = 0, contradicting the hypothesis of the lemma. Therefore R must be finite, as claimed. ✷ If R is a nearring with unit element ι, then its additive group R + is acted upon by the multiplicative group R * via the rule r s = s −1 r for every r ∈ R and s ∈ R * . Therefore for every subgroup U of R * and any U -invariant subgroups M and N of R + such that N is normal in M the factor group M/N is acted upon by U via the rule (a + N) u = u −1 a + N for every a ∈ M and u ∈ U , so that we can form the semidirect product
As usual, we look at G(R) as the group of all pairs (r, s) with r ∈ R and s ∈ R * which are multiplied by the rule (r, s)(t, u) = r + s −1 t, us for all r, t ∈ R and s, u ∈ R * .
Then G (M, U ) is the subgroup of G(R) consisting from all pairs (a, u) with a ∈ M and u ∈ U .
Lemma 3.12. Let R be a local nearring. Then the following statements hold:
To prove (2) it sufficient to show that the mapping δ : (ι + x) −1 → −x with x ∈ M determines a bijective derivation from A onto M because then the set B = {aa δ | a ∈ A} is a subgroup of G(M, ι + M) with the desired properties. Indeed, since for any a, b ∈ A there exist elements x, y ∈ M such that a = (ι + x) −1 and b = (ι + y) −1 , the mapping δ is surjective and
It is obvious that Ker δ = ι. Therefore δ is a bijective derivation from A onto M, as required. Finally, if M is a proper ideal of R, then ι + M is a normal subgroup of R * which acts trivially on R/M, regarded as the set of left cosets of M in R + . Therefore both subgroups M and ι + M are normal in G(R) and hence G(M, ι + M) so is. ✷
Local nearrings of odd order
Lemma 4.1. Let R be a nearfield whose multiplicative group R * is dihedral. Then R is isomorphic to the Galois field F 3 of order 3.
Proof. Since the equation x 2 = ι has in R only two solutions ι and −ι by [12, Satz I.2.2], the dihedral group R * has a unique element of order 2 and so must be of order 2. Therefore R is of order 3 and hence R F 3 . ✷
Lemma 4.2. Let R be a local nearring. If the multiplicative subgroup
is a group factorized by two cyclic subgroups by Lemma 3.12(2), the group G(L R , ι + L R ) and so L R is finitely generated and abelian-by-finite by [1, Lemma 7.4.6]. On the other hand, L R is a divisible p -group for some prime p by Lemma 3.9, so that L R must be finite. ✷ Theorem 4.3. Let R be a local nearring whose multiplicative group R * is dihedral. Then R is finite and in particular R + is a finite p-group for some prime p.
Proof. If the group R * is finite, then the subgroup L R is also finite by Lemma 3.2. Hence R is finite by Lemma 3.11. In particular, R + is a p-group for some prime p by Lemma 3.9. Thus to prove the theorem it suffices to show that R * is finite.
Suppose the contrary, and let R be a counterexample whose multiplicative group R * is infinite dihedral. Then L R = 0 by Lemma 4.1 and so L R is infinite by Lemma 3.11. Therefore ι + L R is an infinite dihedral subgroup of R * by Lemma 4.2 and hence it has finite index in R * . This implies that L R has finite index in R + and thus L R is normal in R + by Lemma 3.10.
Put
Then N is a local subnearring of R by Lemma 3.6 and its multiplicative group
If ι + L R = N * , then the factor group N + /L R is of order 2 and so 2ι ∈ L R . If 2ι = 0, then R + is a group of exponent 2 and thus abelian. But then the subgroup L R must be finite because the semidirect product
is a soluble group factorized by two dihedral subgroups by Lemma 3.12(2) and so is polycyclic by [1, Theorem 4.4.2] . This contradiction shows that 2ι = 0 and so −ι is an element of order 2 in R * . Hence C R * (−ι) = {ι, −ι}. Since −ι commutes with 3ι, this implies 3ι = −ι and so 4ι = 0.
Consider an element a ∈ L R such that ι + a is an element of infinite order in R * . Then (ι + a) − 
In the first case b = −a and so ι = (ι + a)(ι − a) = ι + a − (ι + a)a which implies (ι + a)a = a. But then (ι + a) 4 Indeed,
Thus ι + L R = N * so that ι + L R is the subgroup of index 2 in N * . Therefore the factor group N + /L R is of order 3 and so 3ι ∈ L R . Hence 2ι ∈ R * and −ι is an element of order 2 of R * which commutes with 2ι. This implies that 2ι = −ι, and so 3ι = 0. Therefore R + is a group of exponent 3 and hence soluble. As above, this means that the semidirect product Proof. Note first that the subgroup L R is an ideal of R by Corollary 3.8. As the factor nearring R/L R is a nearfield whose multiplicative group is isomorphic to the factor group R * /(1 + L R ), this group is dihedral and so R/L R F 3 by Lemma 4.1. Therefore 3ι ∈ L R and hence R + is a 3-group by Lemma 3.9. Thus ι+L R is a normal 3-subgroup of R * and so a cyclic group whose elements are inverted by −ι. In particular, 4ι = (−ι)(4ι)(−ι) = (4ι) −1 from which it follows that 16ι = ι and so 3ι = 0. Therefore R + is a group of exponent 3.
is a product of two cyclic 3-subgroups by Lemma 3.12, so that L R is cyclic by [11, Lemma 6] . Hence the order of L R is equal to 3 and so the group R + is elementary abelian of order 9. ✷
Local nearrings of even order
Throughout this section let R be a local nearring of order 2 n+1 with n 1 whose multiplicative group R * is dihedral.
Lemma 5.1. The subgroup L R is an ideal of R such that the factor nearring R/L R is of order 2 and so R * = ι + L R is a group of order 2 n . Furthermore, the additive group R + of R has exponent at most 8.
Proof. Indeed, L R is an ideal of R by Corollary 3.8 and the factor nearring R/L R is of order 2 by Lemma 4.1. Thus the group R * = ι + L R is of order 2 n . Let 2 l be the exponent of R + , so that 2 l ι = 0 and 2 l−1 ι = 0. It is clear that (mι)(−ι) = (−ι)(mι) for every integer m. Furthermore we have (2m + 1)ι ∈ R * because of 2ι ∈ L R . Therefore the set {(2m + 1)ι | 1 m 2 l−1 } forms an abelian subgroup of R * which is isomorphic to the multiplicative group of the ring Z/2 l Z. Since the latter group is a direct product of two cyclic groups of orders 2 and 2 l−2 , we have l − 2 1 and so l 3. Thus R + is of exponent at most 2 3 = 8. ✷
Recall that the semidirect product G(R) = R + R * is the group of all pairs (r, s) with r ∈ R and s ∈ R * multiplied by the rule (r, s)(t, u) = (r + s −1 t, us) for all t ∈ R and u ∈ R * . To avoid confusion, in the following lemma we consider a subgroup M of R + and a subgroup U of R * as subgroups G (M, ι) and G(0, U) of G(R), respectively. As usual, the Frattini subgroup of a group H will be denoted by Φ(H ).
Lemma 5.2. Let M be a normal subgroup of R + such that ι + M is a subgroup of R * and let H be the subgroup of G(R) generated by G(M, ι + M) and the element (ι, ι). Then G(M, ι) is a normal subgroup of H contained in its Frattini subgroup Φ(H ).
Proof. Let K be the subgroup of R + generated by the set ι + M, so that K contains ι and M and the factor group K/M is cyclic. It is easily seen that H coincides with the subgroup G(K, ι + M) of G(R) and therefore H is generated by its subgroup G(0, ι + M) and the element (ι, ι). As ι + M is a subgroup of the dihedral group R * , it has two generators s and t, and so H is generated by the three elements (0, s), (0, t) and (ι, ι). Hence the factor group H /Φ(H ) has order 8.
On
the other hand, it is clear that G(M, ι) is a normal subgroup of H and the factor group H /G(M, ι) is the direct product of a cyclic group isomorphic to K/M and a dihedral group isomorphic to ι + M. Thus, if U is the Frattini subgroup of ι + M, then the subgroup G(MΦ(K), U ) is also normal in H and the factor group H /G(MΦ(K), U ) is elementary abelian of order 8. Therefore Φ(H ) = G(MΦ(K), U ) and so G(M, ι) is contained in Φ(H ), as desired. ✷
It is well-known that if N is a normal subgroup of a finite p-group H contained in the Frattini subgroup Φ(H ), then Φ(H /N) = Φ(H )/N. Furthermore, it was proved by King [5] that the centre of every non-abelian normal subgroup of H which is contained in Φ(H ) cannot be cyclic. Therefore Lemma 5.2 is in fact concerned with the structure of some subgroups of the additive group R + of R. In particular, this yields the following. Corollary 5.3. Let P and Q be R * -invariant normal subgroups of R + such that Q ⊆ P ⊆ L R and the factor group P /Q is non-abelian. Then the centre of P /Q is non-cyclic.
Proof. Indeed, by Lemma 3.2(3), the subgroup L R satisfies the hypothesis of Lemma 5.2 because it is normal in R + by Lemma 5.1. ✷ Henceforth, to avoid ambiguities, we denote the cyclic subgroups of R + and R * with generators r ∈ R + and s ∈ R * by [r] and by s , respectively. Furthermore, for a subgroup K of R + , let Stab R * (K) denote the stabilizer of K in R * under the action of R * on R + by left multiplication. In fact, this is the centralizer of K in R * if these groups are regarded as subgroups of the semidirect product G(R) = R + R * . (1) L R is either a group of order 4 or a non-cyclic abelian group of order 8; (2) R + is either a cyclic group of order 8 or a group of exponent at most 4.
In particular, R is a nearring of order at most 16.
Proof. Clearly L R is a group of order 2 n which has an automorphism of order 2 n−1 with n 2. Therefore L R can be either an abelian group of order 4 or a non-cyclic abelian group of order 8 or a dihedral or generalized quaternion group by a result of Berkovich [2] . But if L R is non-abelian, then its centre Z(L R ) will be cyclic that contradicts to Corollary 5.3. Hence L R must be abelian and so (1) is proved. In particular, the order of R is at most 16 because L R is a subgroup of index 2 in R + by Lemma 5.1.
Let R + be a group of exponent 8, so that In particular, R is a nearring of order at most 32.
Proof. If Stab R * (L R ) = ι, then R + must be cyclic of order 8 by Lemma 5.4, which is not the case. Therefore we may assume that Stab R * (L R ) = ι, i.e., that the action of R * on L R is not faithful. Then R * is a group of order at least 8 and so Z(R * ) ⊆ Stab R * (L R ). Hence the elements −ι and 3ι are not contained in Z(R * ) because (−ι)(2ι) = 2ι = (3ι)(2ι). Thus the centralizer C R * (−ι) of −ι in R * coincides with the subgroup Z(R * ) × −ι of order 4 in R * . On the other hand, C R * (−ι) contains the set {ι, −ι, 3ι, −3ι}, so that Z(R * ) = −3ι and (1) is proved.
Next, if a ∈ L R , then ι + a − ι = (−3ι)(ι + a − ι) = −3ι + a + 3ι and so 4ι + r = r + 4ι for every r ∈ R. Hence 4ι belongs to the centre Z(R + ). As 4ι = −4ι, it follows that
, and this proves (2) .
Note that for each r ∈ R the element (−ι)r − ι − r belongs to R * because L R is of index 2 in R + by Lemma 5.1. Since (−ι)((−ι)r − ι − r)(−ι) = (r + ι − (−ι)r)(−ι) = (−ι)r − ι − r, it follows that for every r ∈ R one has (−ι)r − ι − r ∈ {ι, −ι, 3ι, −3ι}. 
is a 2-group factorized by two dihedral subgroups in a way described in Lemma 3.12(2), we establish now some general properties of such factorizations. This allows us to obtain additional information on the structure of the subgroup L R . Recall that the Frattini subgroup of every dihedral 2-group of order at least 4 is cyclic of index 4. 
By induction hypothesis, F /(Z(A)Z(B)) = (Φ(A)Φ(B))/(Z(A)Z(B)) and the subgroup Φ(F ) is normal in H modulo Z(A)Z(B). Hence F = Φ(A)Φ(B) and Φ(F ) = Φ(A) 2 Φ(B) 2 is a normal subgroup in H because Φ(F ) contains Z(A)Z(B).
Suppose that one of the above centralizers is trivial, for instance C A (K) = 1. Since A and K have the same order 2 n for some n 4, this means that the subgroup K has an automorphism of order 2 n−1 . Therefore K is either a dihedral group or a generalized quaternion group by the above-mentioned result of Berkovich [2] . In any case K contains the only cyclic normal subgroup M of index 2 whose subgroup N of order 2 belongs to the centre Z(H ) of H . As the group of automorphisms of M is abelian, the centralizer (1) and (2) .
It is clear that (3) holds if the order of K which is equal to 2 n is at most 16. Thus, if the intersection F ∩ K is non-cyclic, then n 5 and the index |K : F ∩ K| is equal to 4 because (1) . Moreover, in this case the subgroup F ∩ K is either dihedral or generalized quaternion by [11, Lemma 6] , and therefore it cannot be normal in H by the result of King. In particular, F ∩ K does not coincide with the intersection Φ = Φ(H ) ∩ K and hence F ∩ K must be a subgroup of index 2 in Φ.
Since Φ is normal in H , its centre Z(Φ) must be non-cyclic and so is elementary abelian of order 4. Therefore Φ = (F ∩ K)Z(Φ) and hence the factor group Φ/Z(Φ) is dihedral. As has been noted following the proof of Lemma 5. Indeed, let the subgroup K be elementary abelian of order 8 with generators e 1 , e 2 , e 3 , and let A be the dihedral group whose generators a 1 of order 4 and a 2 of order 2 act on K as follows: In the semidirect product H = K A, let B be the subgroup generated by the elements b 1 = a 1 e 4 
